Abstract. A horizontally layered inhomogeneous medium, isotropic or transversely isotropic, is considered, whose properties are constant or nearly so when averaged over some vertical height l'. For waves longer than l' the medium is shown to behave like a homogeneous, or nearly homogeneous, transversely isotropic medium whose density is the average density and whose elastic coefficients are algebraic combinations of averages of algebraic combinations of the elastic coeffcients of the original medium. The nearly homogeneous medium is said to be 'long-wave equivalent' to the original medium. Conditions on the five elastic coeffcients of a homogeneous transversely isotropic medium are derived which are necessary and sufficient for the medium to be 'long-wave equivalent' to a horizontally layered isotropic medium. Further conditions are also derived which are necessary and suffcient for the homogeneous medium to be 'long-wave equivalent' to a horizontally layered isotropic medium consisting of only two different homogeneous isotropic materials. Except in singular cases, if the latter two-layered medium exists at all, its proportions and elastic coefficients are uniquely determined by the elastic coefficients of the homogeneous transversely isotropic medium. The observed variations in crustal P-wave velocity with depth, obtained from well logs, are shown to be large enough to explain some of the observed crustal anisotropies as due to layering of isotropic material.
INTRODUCTION
It is our purpose in the present paper to ß discuss the propagation of long seismic waves in a finely layered, horizontally stratified, transversely isotropic, elastic medium whose axis of symmetry is vertical. By 'long wa-•es' and 'fine layering' we mean the following:we pick a length l • long enough so that the elastic properties of the medium vary appreciably over a length l •. We then consider only seismic waves in which the distance k% over which the displacements change by an appreciable fraction of their values, is much larger than 1 t. We show that the variations in the medium which have vertical scales less than l • can be averaged out, so that the medium can be replaced by an equivalent but less wildly varying medium, at least in discussing waves for which kl • • 1.
In particular, we show that a horizontally stratified, continuously or discretely varying, isotropic medium whose Lam• parameters and density have position-independent averages over any vertical distance 1 • behaves like a homogeneous transversely isotropic (HTI) medium with a vertical symmetry axis whose elastic coefficients can be calculated explicitly as algebraic combinations of averages of algebraic combinations of the Lam•. parameters of the original medium and whose density is the average density of the original medium.
The following question is also examined: Given the five elastic coefficients of a stable HTI medium, is there a layered isotropic medium which has these five elastic constants when it reacts, as a transversely isotropic medium, to long waves? The geophysical question at issue here is whether the apparent anisotropies in the earth's crust, observed by seismic prospecting with long waves [Uhrig and Van Melle, 1955 ], may be due to a fine horizontal layering of different isotropic rocks. The result of the theoretical investigation is that there are stable HTI materials which cannot be modeled by any stack of stable isotropic layers. Any stable HTI material which can be modeled for long waves by a stable, isotropic, layered medium can be modeled by a stack of isotropic stable, homogeneous (ISH) layers of just three different types. There are stacks of ISH layers of three types which cannot be modeled by any stack of two different types of ISH material. Finally, if a stable HTI material can be modeled for long waves by a stack of two ISH materials, then, except in singular cases, the proportions and properties of the two materials are uniquely determined by the transversely isotropic material they model. 
SUMMARY Or PREVIOUS WORK
The problem of elastic wave propagation in finely layered media has been treated by a number of authors, all of whom except Thomson [1950] , Helbig [1958] , and Anderson [1961] have restricted themselves to what we shall call periodic, isotropic, two-layered (PITL) medium: a medium periodic in the vertical direction and consisting of alternating isotropic layers of thicknesses h•, h,., having constant Lam• parameters X,, tz,, and X,., •z,., and constant densities Riznichenko [1949] calculated, for long compression waves, the velocities of propagation in the vertical and horizontal directions, treating the medium as if it were locally static in order to get average stress-strain relations. Thomson [1950] gave the formal solution for waves of arbitrary wavelength in a medium consisting of any number of different homogeneous isotropic layers; he found the displacements and vertical stresses at any interface by multiplying the surface displacements and stresses by a product of propagator matrices, one matrix for each layer between the interface and the surface. This technique has lent itself well to numerical calculation of dispersion relations [Haskell, 1953] , but is rather cumbersome for our purposes. At any rate, no one has taken the limit of the matrix products for small wave number, a procedure which ought to yield the results of the present paper, but which we shall not use. Postma [1955] The long-wavelength part of the impulse response of a layered medium having constant average properties ought to be the long-wavelength part of Kraut's [1962] calculated impulse response of a IITI medium, the appropriate elastic coefficients being given by (9). The limitation to long waves has the following effect. At a surface detector, the first arrival travels with speed (a/p) •' in most real HTI media. In a layered isotropic medium, (A/(p)) •'-is slower than the speeds of compression waves in some of the layers, so that the first arrival is earlier than the above theory would indicate. However, if the receiver is a low-pass filter which 'sees' only waves longer than l t, the head waves carried by the fast layers will presumably die out rapidly Comparison of (9) and (11) indicates that in the averaging process which converts a finely layered, highly variable medium to a smoothed, transversely isotropic, long-wave equivalent (STILWE) medium, the averaging which occurs in the equations of motion is quite simple, while the averaging in the stress-strain relations is not. The remainder of the present paper is devoted to an algebraic discussion of the stress-strain averages when the highly variable real medium is locally isotropic. The goal of this discussion is to find how far apparent anisotropy in the earth's crust can be due to a layering of isotropic media. To summarize, if a layered isotropic medium has constant/z, the STILWE medium is isotropic. This much was proved by Postma [1955] for periodic two-layered media. Conversely, if a transversely isotropic medium is isotropic, it can be the smoothed medium equivalent to an isotropic layered medium with constant •, but it cannot be the smoothed medium equivalent to any layered isotropic medium with variable /z. The inequality in the above chain is Schwarz's inequality. A purely algebraic consequence of theorem 1 is this' From lemma 3, in a homogeneous material which is long-wave equivalent to an isotropic layered material of variable rigidity, L < M. But inequalities 27 imply that L, M, R, S, and T are the elastic constants of such a homogeneous material. lienee inequalities 27 must imply that L < M. This can be shown directly, but it involves some intricate algebra, which will be omitted.
LOCALLY ISOTROPIC LAYERED

Conversely, we assert that if L, M, R, $, and T satisfy (21) and (25) they are the elastic coefficients of a HTI medium which is long-wave equivalent to a stable, layered, isotropic medium with constant 0. Obviously we must take 0 --T.
Suppose we can find a •(xs) such that (•z-x> = L -
<O(•'•'•S -'•--•)•> • (•S-•'•)/• (2O) Thus RS • T', and, if RS -•(• •T • •S -• • --
Finally, on examining the proofs of lemma 1 and theorem 1 we see that we have proved more than is stated in theorem 1' A stable HTI medium whose elastic constants satisfy inequalities 27 is long-wave equivalent to a stable, layered, isotropic medium consisting of only four different kinds of material. Such a medium will be called four-layered, meaning not that four layers are present but that layers of four materials are present. It can be shown, by an intricate argument which will not be reproduced here, that in fact inequalities 27 imply that L, M, R, S, and T can be reproduced by a three-layered, stable, isotropic medium. Therefore, any stable IITI medium which is long-wave equivalent to a stable, layered, isotropic medium is long-wave equivalent to a stable, three-layered, isotropic medium. This, however, is the best we can do. As we shall see in the next section, two-layered isotropic materials are essentially less general. 
, < RS, (•-T)' < (]L-,-R)(]M-S).
Momentarily tang g, and g, as known, we solve the first two of equations 32 for p, and p,' In making such comparisons of large-scale anisotropy with small-scale layering, it should be remembered that the layers do not become less effective in generating large-scale anisotropy as they become thinner. A wave 5 meters long in a medium made by laminating brass and steel 'sees' the same five effective anisotropic elastic constants, whether the lamina are 5 cm or 0.1 mm thick. Therefore, it is conceivable that layers too thin to be observed by contemporary well logging techniques are present and contribute appreciably to the large-scale anisotropy of the crust.
SUMMARY OF CONCLUSIONS
A transversely isotropic, stratified medium has been considered, whose axis of symmetry is the x8 axis and whose properties vary only with xs, not with The following question is then examined' Which stable, homogeneous, transversely isotropic media are long-wave equivalent to horizontally layered isotropic media? In other words, given the'five elastic coefficients of a homogeneous, transversely isotropic medium, obtained from the response of the medium to long waves, when is it a possibility that shorter waves will reveal that the anisotropy is really the result of a fine layering of isotropic material?
To answer this question, new elastic parameters for transversely isotropic and for isotropic media are defined by equations 14 and 16. In terms of these new parameters, the relation between a layered isotropic medium and the long-wave equivalent, transversely isotropic medium is expressed by the very sim'ple equations 18. The conditions for stability (a positivedefinite internal energy) of a transversely isotropic medium are shown to be inequalities (21). Inequalities are then derived for the elastic coefficients of a transversely isotropic medium which are necessary and sufficient for the medium to be long-wave equivalent to a layered, isotropic, stable medium. These inequalities are (27). Since inequalities (27) are more restrictive than inequalities (21), it is concluded that there are stable, transversely isotropic media whose anisotropy cannot be the result of a layering of isotropic materials.
In the light of the above remarks, a natural question is this: Given a stable, homogeneous, transversely isotropic medium, how many different homogeneous isotropic materials are required to make a long-wave equivalent, layered, isotropic medium? In the present paper, we show that if the homogeneous, transversely isotropic medium is long-wave equivalent to any layered, isotropic medium, it is equivalent to a layered, isotropic medium made of just four homogeneous, isotropic materials. It can be shown that three suffice. Two do not suffice, and we derive conditions on the homogeneous, transversely isotropic material which are necessary and sufficient for it to be long-wave equivalent to a layered, isotropic medium made of just two homogeneous, isotropic materials. These conditions are (43), (44), (45) and (46).
In the course of the above arguments, it is shown that a layered, isotropic medium is longwave equivalent to a homogeneous, isotropic medium if and only if it has constant rigidity (the 'if' half of this statement has been proved by Postma [1955] for two-layered media).
Finally, it is shown that some of the observed anisotropies in P velocity can be explained as due to layering of isotropic media, if contrasts are allowed to be as large as those observed in well logs.
